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Abstract 



The b-boundary construction by B. Schmidt is a general way of pro- 
viding a boundary to a manifold with connection |12| . It has been shown 
to have undesirable topological properties however. C. J. S. Clarke gave a 
result showing that for space-times, non-Hausdorffness is to be expected 
rvj I in general pi, but the argument contains some errors. We show that under 

f^ , somewhat different conditions on the curvature, the b-boundary will be 

\^ ' non-Hausdorff, and illustrate the degeneracy by applying the conditions 

^^ ' to some well known exact solutions of general relativity. 

o\ 

"o ! 1 Introduction 

r' ' A serious limitation in our understanding of singularities in general relativity is 

bJ}' the fact that singularities by definition are not parts of the space-time manifold. 

So in order to study the structure of singularities we would like to have some 
procedure for attaching an abstract boundary set containing the singular points 
/\ ' to a space-time. At the very least the extended space-time should have a suitable 

^ . topology making it possible to make statements like 'close to the singularity' 

mathematically precise. 

One of the candidates is the b-boundary construction by B. Schmidt which 
works for any manifold with connection [|l2| , and in the Lorentzian case it can 
be shown to be well-defined and locally complete ||l^. However, for the FLRW 
and Schwarzschild space-times, the boundary is not Hausdorff separated from 
interior points ||lj, [7|. This is a serious drawback since all points in space- 
time are then 'close' to a given boundary point, making all statements about 
neighbourhoods of the singularity useless. 

The b-boundary structure is closely related to the singular holonomy group 
[H . The methods used by Bosshard ||] and Johnson Q are heavily dependent on 
the specific geometry of the FLRW and Schwarzschild space-times, based on the 
study of the boundary of two-dimensional sections. Clarke used a more general 
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approach to find sufBcient conditions for the topofogy to be non-Hausdorff |^ . 
The condition involves the asymptotic behaviour of the Riemann tensor and its 
inverse and derivative in a parallel propagated frame along a curve ending at 
the boundary point. 

The argument in H contains some errors however. We show that un- 
der somewhat different conditions on the Riemann tensor and its inverse and 
derivative, the boundary fibres of the frame bundle are degenerate. We also 
confirm that the conditions hold in the FLRW (with expansion factor f^ with 
c € (0,1), which is a bit more general than in Q), Kasner, Schwarzschild, 
Reissner-Nordstrom and Tolman-Bondi space-times. 

Our reasoning will depend a lot on the work by Clarke ||] , the most essential 
difference being that we choose to work with small circles instead of squares 
in §^ and that we use a stronger restriction initially on the derivative of the 
Riemann tensor. The outline of the paper is as follows. In §y, we introduce 
some notation and definitions. In §|^ we approximate Lorentz transformations 
resulting from parallel propagation along small circles in terms of the Riemann 
tensor, and in §0 we use these results to find a curve generating a given Lorentz 
transformation by parallel propagation. §0 is concerned with singular holonomy 
and gives the connection to the b-boundary, and we illustrate the implications 
for some well known space-times in § 3 . We also discuss some other contributions 
to the singular holonomy group in §r 

2 Preliminaries 

Throughout this paper, {M,g) is a space-time, i.e. a smooth 4-dimensional con- 
nected orientable and Hausdorff manifold M with a smooth metric g of sig- 
nature ( — I— I--I-). The construction of the b-boundary may be carried out in 
different bundles over M (see Refs. Q, Q or Q for some background). Here 
we choose to work in the bundle of pseudo-orthonormal frames OM, consisting 
of all pseudo-orthonormal frames at all points of M. OM is a principal fibre 
bundle with the Lorentz group C as its structure group. We write the right 
action of an element L S £ as i?L : E t-^ EJj for E £ OM. We will, a bit 
sloppily, restrict attention to one of the connected components of OM and the 
component of identity in £ using the same notation. 

From the fibre bundle structure of OM, we have a canonical 1-form 9 which 
is M'*-valued, and from the metric on M we construct the connection form u), 
which takes values in the Lie algebra [ of £ Q . The Schmidt metric on OM is 
the Ricmannian metric G given by 

G(X, Y) := {e{X),e{Y))^. + {lo{X), u{Y)), (1) 

where (•, •)j{4 and (•, •)i are Euclidian inner products with respect to fixed bases 
in K^ and [, respectively ^ |. 

If K is a curve in the bundle of pseudo-orthonormal frames OM , we denote 
the b-length of k by 1{k). By a slight abuse of notation we will also write ^(7, Eq) 



for the b-length, or generalised afRne parameter length, of a curve j{t) in M, 
with respect to a given frame Eq at some point on 7. The definition is 

l{^,Eo):=l(j2(^rydt, (2) 

where V* are the components of the tangent vector of 7 with respect to the frame 
E obtained by parallel propagation of Eq along 7. The notation is motivated 
by the fact that 1{'^,Eq) is the same as the b-length of the horizontal lift of 7 
through Eq in OM. We also write d{E, F) for the b-metric distance between 
two points E and F in OM, and Br{E) for the open ball in OM with centre at 
E and radius r. 

The Schmidt metric was used by Schmidt [[l2| to construct a boundary, the 
b-boundary, of the base manifold Af , providing endpoints for all b-incomplete 
inextendible curves. Basically the procedure is as follows. 



1. Construct the Cauchy completion OM of OM and extend the group action 
to OM. 



2. Let M be the set of orbits of C in OM, and define a projection tt : OAI 
M taking a point in OM to the orbit through the point. 



3. Af is then a topological space with the topology inherited from OM via 
7f, and we may identify Tf{OM) with Af . 

4. Define the b-boundary as dM ^Jd\M. 



The topological space OM is no longer a fibre bundle since the action of C 
might be non-free on a boundary 'fibre' (orbit). We quantify the boundary fibre 
degeneracy by defining the singular holonomy group as 

^1,,{E):={\.^C;EI.^E}, (3) 

for E g 7f^^(p) with p g dM [||. It follows that the boundary fibre 7f~^(p) 
is homeomorphic to £/$„„(£'). We say that the boundary fibre is degenerate 
if the singular holonomy group is nontrivial, and totally degenerate if the sin- 
gular holonomy group is the whole Lorcntz group C. The importance of total 
degeneracy is illustrated by the following result from Q . 

Proposition 1. If p £ dAI with Tf^^{p) totally degenerate, then every neigh- 
bourhood of p in M contains all null geodesies in M ending at p. In particular, 
M is not Hausdorff. 

In what follows we will need various norms, given a fixed frame E G OM . 
We use bold symbols for the array of frame components of a tensor in the frame 
E. For tangent vectors X, we define the norm |X| to be the Euclidian norm of 
the frame component array X, and similarly for cotangent vectors. In the Lie 



group and Lie algebra, we use the Euclidian norm with respect to a fixed basis, 
and for general tensors T we use the mapping norm, e.g. 

||T|| := sup \T,,X'Y^ (4) 

|X| = |Y| = 1 

for a covariant 2-tensor T. 



3 Parallel propagation and the Riemann tensor 

In this section we calculate a first approximation to the Lorentz transformation 
generated by parallel propagation around a small circle. First we construct a 
disc with suitable properties. Let / : D/ ^ M, where 

Di:={{x,y)^M^;x^ + y^<f}, (5) 

and put 



Let {r,9) be polar coordinates on Di, i.e. x — rcosO and y — rsinO, and put 

V{x,y):^.U-l- (8) 



dr 
d_ 
'80 



^(^>2/):=/*ll|^.(^^)- (9) 



Then 



y = cos6lX + sin6iy (10) 

Z== -rsin6iX + rcos6ir. (11) 

Pick a pseudo-orthonormal frame E{0,0) at p := /(O, 0), and define E(x,y), 
where x = rcos9 and y = rsinfl, by parallel propagating E{0,0) along the 
radial curves pe : s i-^ /(s cos 0, s sin 0) for each ^ G [0, 27r). Similarly, let i^(x,y) 
be defined by parallel propagating E{r, 0) along the circular curve Or : s i~^ 
/(r cos s, r sins) for each r € [0,1]- Let L(a;,y) be the Lorentz transformation 
taking E{x,y) to F{x,y), i.e. F = ELi. From now on, bold symbols denote 
component arrays with respect to the frame E. 

Lemma 1. The Lorentz transformation L is given by 

L^exp -f f R{V,Z)drd9 (12) 

JoJa 

where exp is the exponential map I ^ C. 



Proof. Since F is parallel along each o^, 

\7zF^i\7zE)L + E\7zi-^0- (13) 

We may view L on each Or as a curve in the Lorentz group £ parameterised by 
0. Then 

SLL"^ = -VzE (14) 

where the dot denotes differentiation with respect to 6. Now let A be the curve 
in the Lie algebra corresponding to L by right translation, i.e. A corresponds 
to the right-invariant vector field equal to L at L by L = AL. (It might seem 
more natural to choose left translation, but then we would have to solve for L^^ 
instead.) Thus 

EX = -VzE. (15) 

Differentiating with respect to V and using that WyE — and 

VvVzE^ R{V,Z)E (16) 

we get 

8\ 

a7--R(V,Z) (17) 

in the frame E. Integrating and solving L = AL gives 

L = cxp -/ / R(V,Z)drd6l. (18) 

U 

Corollary 1. The Lorentz transformation A generated by parallel propagation 
counterclockwise around the boundary of f{Di) is given by 

A = exp-/" /"R(V,Z)drd6' = exp -//" R(X,Y)dcr (19) 

Jo Jo JjDi 

where da is the area element of Di with respect to the metric dx^ + dy^ . 

Proof. The first expression follows immediately by letting r —^ I and 9 —> 2^ in 
Lemma |l| Using (|lO|) and (11) and the symmetries of the Riemann tensor we 



get 

R{V, Z) = rR{X, Y) (20) 

and hence the second formula. D 



Let 7 be the loop at p obtained by following the radial curve po, the boundary 
oi of the disc in the counterclockwise direction, and back again along p^ . Then 
parallel propagation along 7 generates A since E is parallel along po- Suppose 
that / is chosen such that the radial curves pe are geodesies and |X| = | Y| = 1 
at p, i.e. / is basically the exponential map TpM — > M, restricted to 

{{xXp + yYp e TpM; x^ + y^ < l^}. 

We can then approximate A by an expression involving the value of R only at 
p. The essential thing here is the length estimate. 

Note. Whilst / is smooth by construction, it need not be an embedding or even 
1-1. In such a case, E is not a frame field on Di, but the construction still 
works. 

Lemma 2. Suppose that 'S/yV = 0, |X| = |Y| = latp, and I > is sufficiently 
small for there to be an a < 1 such that 

1''\\R\\d, < lO^^a (I) 

Z^||VR||i3, < lO^V (II) 

where\\-\\D, := sup^(-£,j)||-|| . Then 

\\A-6 + TTfR{X,Y)\p\\<10-'^a^ (21) 

where S is the identity element of C, and the b-length of j is less than 91. 

Proof. Note that WyV = implies that |V| — 1 on the whole disc. First we 
need estimates for |Z| and |VvZ|. Since [V, Z] = 0, 

viz = Vv^zV ^ R{V, Z)V, (22) 

so 

VvZ = VvZ|p + R(V,Z)V|,^4,r (23) 

and 

Z = Zp+ VvZ|p r + iR(V, Z)V|,=^, r^ (24) 

for some ^1,^2 G [0,^]. But from (pl|), Zp = and 

\/yZ\p = -smeXp + coseYp, (25) 



so 



|Z| < r + 1|1R|1,,, |Z|..^, r'<r+ ^|Z|.=5„ (26) 



and since a < 1 

171 < 

1999 



z|<|555, m 



and 



Put 



Then 



so 



|VvZ|<l + ^a<^. (28) 

' ' 1999 1999 ^ ' 



A:=-/ Il{V,Z)drd9. (29) 

Jo Jo 



|A||<2^||R||z,,^|Z|dr<^, 



(30) 



l|A-^-A||.E^<l|AfE^<^- (31) 

k=2 k=0 

Next we replace the integral in A with an expression involving only the value 
of the Riemann tensor at the origin. The mean value theorem gives 

R(V, Z) = R(V, Z) Ip + Vv (R(V, Z)) 1,^53 r (32) 

for some ^3 g [0, r]. Since Zp — and X/yV — 0, 

R(V, Z) = (VvR)(V, Z) 1,^53 r + R(V, VvZ) 1,^53 r. (33) 

Applying the mean value theorem again to the first factor in the last term and 
using that R(V, VvZ)|p = R(X, Y)|p and V^Z = R{V, Z)V gives 

R(V,Z) = (VvR)(V,Z)|,^53r + R(X,Y)|pr 

+ (VvR)(V, VvZ)|,^5, 6 r + R(V, R(V, Z)V) \r=^, ^3 r (34) 

for some ^4 e [0,^3]- Thus from {^ and (||), 

||R(V,Z) - R(X, Y)|pr|| < ^llVRIIz., r^ + ^11^11 A ^'- (35) 
Integrating and using condition (||) and (|l|) along with a < 1 we get 

||A + 7r;2R(X,Y)|p|| < IQ-^a"^. (36) 

Adding ( pl|) and (^) and applying Corollary |] gives 

||A-(5 + 7r;2R(X,Y)|p|| <10~^a2, (37) 
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and we have established the first part of the lemma. The b-lcngth of 7 is given 

by 

/(7, E) = l{po, E) + l{oi,E) + l{po, EA). (38) 

Now pq is a geodesic with |po| = |V| = 1, so the first and third terms are 

(39) 



(40) 



: d^ (41) 

since the norm of a Lorentz transformation equals the norm of its inverse. But 
L is given by Lemma |l|, and applying (^7|) , condition (||) and a < 1 we get 

so using ( p7| ) again gives 

Adding (||), (|^ and (||) together we get the desired bound on ^(7, E). D 

Note. In PI , parallel propagation around a small square starting at one of the 
corners is investigated. The central result is Lemma 2.2.1, where the conditions 
/2||R|| < a/28 and /||VR|| < ||R||/20 are used to establish 

\\A-S-l^Il{X,Y)\p\\<6a^. (44) 

An explicit calculation in FLRW space-time illustrates that this is impossible 
without using a stronger condition on ||VR||. Apart from typographical errors, 
the main problem seems to be in the argument at the top of page 24 of |^ . It 
is possible to obtain an estimate of order a^ for parallel propagation around a 
circle with the starting point at the centre with a bound of order a on ||VR||, 
by modifying the argument in our Lemma 0. The idea is to use a second order 
expansion of R(V, Z) and then a symmetry argument to get rid of the first VR 
term. However, the penalty for the weaker condition on VR is that a condition 
on ||V^R|1 of order a^ has to be imposed. For our purpose, condition (||) is 
sufficient. 



4 Generating Lorentz transformations 

Using the approximation from Lemma 0, we can construct a loop generating a 
given Lorentz transformation exactly, provided that the transformation is suffi- 
ciently close to the identity. The idea is to generate a sequence of approximate 
transformations by parallel propagation along the boundaries of a sequence of 
appropriately constructed circles, applying Lemma y at each stage. First we 
construct the approximate curves to be used as building blocks for the final 
curve. 

Note. To ensure the existence of the disks used to generate the curves, we 
need to avoid the situation where one of the radial curves cannot be continued 
because it runs into a singularity. If we restrict attention to a subset U of OM 
with compact closure, this can only happen iilA contains a trapped inextendible 
incomplete curve [0| . This is avoided if we assume that the closure of U in OM 
is compact and contained in OM . 

Lemma 3. Let A G I, -E G OKI and p — t:{E) be given and suppose that there 
is a bivector W such that Rp(W) — X, where Rp is the Riemann tensor in the 
frame E at p. Put 

U := {F; d{E, F) < 22|| W|| ^/^j (45) 

and \\-\\u '■= swpu \\-\\, and let L := expA. Also, assume that ||W|| is sufficiently 
small for the closure ofU in OM to be compact and contained in OM. If 

||W||<(7r/4000)||R||^:^i (I) 

||W|| < (7r/40000) ||VR||^'/' (II) 

then there is a horizontal curve "f in U starting at E which generates a Lorentz 
transformation A with 



where 



a < max 



|L-A|| < lO^V, (46) 



{^iiwiiiiRii„,(l525||wii)"VRiii''}. m 



and the b-length of ^ is less than 22||W||"'^". 

Proof. We start by decomposing W as 

W = Acos6' + *Asine' (48) 

where A and *A are dual independent simple bivectors. Inverting this relation 
and using that for any bivector B, 

||*B|| <2a/3||B||, (49) 



we get 

||A||,||*A||<4||W||. (50) 

Define a disc by / : Di, -^ tt{U), such that ]X| = |Y| = 1, (X, Y)^* = and 
ttII X a Y = -A cos 9 at E, as in §§. Then (pdj) gives 

;?<-l|w||, (51) 

n 
sof{Di,)CTr{U). Put 

a:=nmx[l0^ll\\K\\u,10^l'A\VR\\'J'}. (52) 

Then condition (g) and (|l|) give a < 1 so Lemma ^ apphes. 

From Lemma we have a loop 71 at p and a Lorentz transformation Ai 
generated by parallel propagation around 71. Replacing A cos 9 and h with 
*Asui9 and ^2 E^nd repeating the above procedure we get another loop 72 at p 
which generates a Lorentz transformation A2. Put 

Zi := Ai-5-Rp(Acos6') (53) 

and 

Z2 := A2-(5-Rp(*Asin6l). (54) 

From Lemma |2| we know that 

||Zi||,||Z2|| <10"V. (55) 

Let A = A1A2. Then A is generated by parallel propagation around the con- 
catenation 7 of 71 and 72 , and we may write 

A - L == Zi(Z2 + 5 + Rp(*Asin6i)) + {d + Rp(Acos6i))Z2 

°° X^ (56) 

+ Rp(Acos6l)Rp(*Asin6')-^— . ^ ' 

fc=2 



Using first ( |55| ) and (BOl) and then condition (Tn) we get 

IIAill =||Zi+5 + Rp(Acose')|| <10-^a2^1 + 4||Rp||||W|| < 1.01 (57) 
and similarly 

IIA2II = ||Z2 + (5 + Rp(*Asin0)|| <1.01 (58) 

and 

||(5 + Rp(A cos 61)11 < 1.01. (59) 
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Inserting (^ and ( |59| ) into (|5^) and using that 

|lA||<||Rp||||W||<^ (60) 

and 

\\W\\<7:{lj + q) (61) 

and condition (|) gives 

II \||2 

||A - L|| < 2.02 • lO-'^a^ ^ i6||Rp||2||w||2 + " ' < IQ-^. (62) 

^(1 ^ ll'^ll) 

The length of 7 is the sum of the lengths of 71 and 72. From Lemma g and 
(|l]) we find that 

;(7i,S)<9/i<ll|lW|li/2. (63) 

The same holds for 72 except that we have to correct for the starting frame 
being EAi instead of _E. From (pT]), 

;(72,^Ai)<9/2||Aij|<ll||W||i/2^ (64) 

and thus 

?(7,£:) <22||W||i/2. (65) 

D 

The Riemann tensor in a given frame can be viewed as a map from the space 
of bivectors to the Lie algebra [. We use the norm 

||W||:=2 sup \W'^X,Yj\ (66) 

|X| = |Y| = 1 

for the bivectors, so that the mapping norm 

||R|| := sup ||R(W)|| (67) 

||W|| = 1 

agrees with the previously defined tensor norm (0). We now concentrate on the 
case when the Riemann tensor in the frame E is invertible (the frame is of course 
not essential here since invertibility in one frame is equivalent to invertibility in 
any frame). Note that if the Riemann tensor is invertible at a point F e OM, the 
image of the space of bivectors is the whole Lorentz group £, so by the standard 
holonomy theory the infinitesimal holonomy group is the whole of £. Thus the 
length estimate is the important result here. The idea is to piece the curves 
from Lemma S together to generate a sufficiently small Lorentz transformation 
exactly. 
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Lemma 4. Let X € I, E E OM and p := tt{E) be given and suppose that Rp, 
the Riemann tensor in the frame E at p, is invertihle. Let Rp ^ he the inverse 
and put 

U ■= {F;d{E,F) < 24|lR;i||i/2||A||i/2}. (68) 



and \\-\\u :— supj^ ||-||- Lf the closure oflA in OM is compact and contained in 
OM and 

||A||< 10-12 ||R;i|r3||VR||^2 (II) 

then there is a horizontal curve in hi starting from E and ending at EexpX, 
piecewise smooth except possibly at the endpoint, of b-length less than 

24||Rpi||i/2||A||i/2, (69) 

Proof. Let L := expA. To construct the first square, put W := R^ ^(A). Since 
||Rpi||||R||^,>||Rpi||||Rp||>l, (70) 

condition (ffl) gives 

l|A||<10-^ (71) 

Applying condition (|) to the first factor of ||A|p and (|7l] ) to the second factor 
and then taking the square root gives that condition (|) of Lemma ||is fulfilled. 
Similarly, applying condition (|l|) to the first factor of ||A||'^ , ([7l|) to the other 
two factors and taking the third root gives that condition (|l^ of Lemma || is 
fulfilled. Thus Lemma y applies and we have a loop 71 which generates a first 
approximation Li to L. Also, 



a^ < IIAII max 



'4000\2 



\ TT / 

so from condition IM and (111), 



(=)||A||||R-|n|R||?„ 



(72) 



and Lemma ^ gives 



a'<2|lA||, (73) 



L,||<^||A||. (74) 



Next we repeat the construction for the Lorentz transformation Lj^ L. We first 
have to check that the conditions are satisfied. But from (|5^) and (p8[), 

||Li||<||Ai||||A2||<l.l, (75) 
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and from (M) and the fact that the norm of a Lorentz transformation equals 
the norm of its inverse, 

||Lr^L-<5||<||Li|||lL-Li||<^||A|l. (76) 

It follows that we can write Lj^ L = expA2 with 

l|A.||<g^||L-L-<5||<^||A||. (77) 

Thus A2 satisfies the conditions as long as the generating curve stays in U. 

Repeating the above process we get a series of loops 7^ corresponding to 
a sequence Afe of Lie algebra elements, generating Lorentz transformations Lj,. 
The products Lj, = L1L2 . . . L^ are generated by parallel propagation along the 
concatenation of the curves 71 , 72 , ■ ■ • , 7fc , and 

||L,-L||<||Lfe_i||||L,-L,-iiL||<l.l'=-i^||Afe|| (78) 

from (|74| ) and repeated application of ([75|). But ( [77| ) gives 

so Lfc — > L as fc — > 00. It remains to show that the resulting curve is contained 
in U. From Lemma |l 

l{li,E) <22||Rpi||i/2||A||i/2. (80) 

For 7fc, we have to take into account that the starting point is EJjk-i instead 
of E, so 

/(7fc,i?U-_i) < 22||R;1||1/2||a,,||1/2||l^_^|| 

, / 1 \ (fe-i)/2 , (81) 

<22||R^-i||V2(_Ly ||A||V2i.i'c-i 

from ( [75| ) and ([79|). Summing over k we get the desired bound on the length, 
and it is evident that the generating curve stays in U. D 

Note. The main difference between our Lemma Qand Lemma 2.2.2 of Q is that 
condition (Q) involves the second power of R~^ and R instead of the first. This 
is needed to establish (Q) which is essential for the construction of the sequence 
of circles to work. The corresponding equation at the bottom of page 26 in [^ 
is incorrect since there a bound on r^||A|| is needed, but the given conditions 
only provide a bound on r||A||. 

It is now a simple matter to generate arbitrary transformations by splitting 
them in a finite number of factors, sufficiently small for Lemma to apply, and 
joining together the resulting curves. Note that we do not need to go through 
the approximation scheme in Lemma more than once as is done in p| , since 
once we have a curve generating the first factor, we can translate it along the 
fibres to get curves generating the other factors. 
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Theorem 1. Let E £ OM with p :— tt{E) and put 

U ■.= {F e OM; d{E, F) < 6} (82) 



for some 6 > 0, small enough for the closure of lA in OM to he compact and 
contained in OM. Let L :— expA he a Lorentz transformation and suppose that 
R is invertible on U. Then there is a horizontal curve 7 in tt^^ o Tr{U) which 
generates L with 

Z(7,i?)<24||L||||R;ii/2||^||i/2„i/2^ (83) 

where 

n:= [11-^11 i^ax{lO«||R;i||2||R||2^,10i2||R;i||3||VR||^,242||R;i||/52|j (g^) 

Proof. Wc start by generating the Lorentz transformation Li := exp(A/ri) where 
n e N is chosen sufHciently large for Lemma to hold on a subset of U, which 
gives (pj). By Lemma H there exists a horizontal curve 71 in U from E to 
El := ELi. Let L^ := (Li)*-' and Ek := ELk for k = 2,3,...,n. Then 
7fe = 7iLfc_i is a horizontal curve from Ek-i to Ek since the action of the 
Lorentz group preserves horizontal curves. 

Let 7 be the combined curve obtained by joining the curves jk in sequence. 
Then 7 generates L„ — L and since 

K7fe)<l|Lfe||/(7i)<||L|M(7i) (85) 

and 

Z(7i)<24||R;i||V2||A/n|lV2, (86) 

the result follows. D 

5 The singular holonomy group 

We can now relate the structure of the singular holonomy group with the asymp- 
totic behaviour of the Riemann tensor. First we need the following characteri- 
sation from l3|. 

Proposition 2. Suppose that 7 : (0, 1] -^ OM is a horizontal curve with 7(0) = 
E G Tf^^{p) and p E DM . Then L G ^^^^(i?) if and only if there is a sequence 
ti with ti —t 1 and loops Ki : [0, 1] — > M such that 

«,(0) = «;,(!) =7ro7(i,), (I) 

U ^ L (II) 

l{K,,-f{t,))^0 (III) 

where L^ are the Lorentz transformations obtained by parallel propagating "f{ti) 
around Ki for each i. 
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We may use Proposition || to give an alternative definition of the singular 
holonomy group H] . Let (^o (F) be the group of Lorentz transformations gen- 
erated by parallel transport around loops k at 7r(i^) with 1{k,,F) < a. Then 
if 7 : (0,1] — > OM is a horizontal curve starting at 7(0) = E E Tf^^{p) with 
pGdM, 



KMiE):= fl U ^,(7W). (87) 

aeR+ t£(0,l] 

A nontrivial $oj,j may have several causes. For example, the bounded part of 
the curvature may contribute as well as the unbounded part B] , and non-trivial 
topologies can generate discrete subgroups (see §0 below) . In the following sec- 
tion we concentrate on using Lemma to show how divergence of the Riemann 
tensor can cause total degeneracy. 

6 Total Degeneracy 

Combining Proposition ^ with Theorem |l] we get the following sufficient condi- 
tions for total degeneracy of a boundary fibre. In the rest of this section we will 
see that the conditions are indeed fulfilled in many interesting cases relevant to 
general relativity. 

Theorem 2. Suppose that 7 : (0, 1] — > OM is a horizontal curve with 7(0) = 
E e TT^^{p) and p S dM , and that there are sequences ti — > and pi — > such 
that R is invertible on the balls lAi :— Bp.{'-f{ti)). If the closure of each Ui in 
OM is compact and contained in OM and ||R~"^|p||R||^., ||R~^|p|| VR||j^; and 
||R,"^||/p, tend to as t, -> 0, then ^%,,{E) = C. 

Note that invertibility of the Riemann tensor means that it is injective, 
i.e. there are no 2-planes on which R vanishes, and surjective, i.e. there is no 
subspace of the Lie algebra unaffected by curvature. If R is invertible, 

so IIR^""^!! ^ if and only if ||R(W)|| diverges for all bivectors W. In other 
words, ||R^^|| —^ if and only if, for all index pairs k and Z, there are two indices 
i and j such that the frame component IVjki diverges. This could happen if all 
sectional curvatures diverge, for example. 

We are now able to show that the boundary fibres are totally degenerate in 
many cases. We will employ the following procedure. Let 7 : / ^ Af be a curve 
with an endpoint p € dM , and let -E be a pseudo-orthonormal frame field on 
(a subset of) M. Using Cartan's equations we find the rotation cocfhcients and 
the Riemann tensor components in the frame E. We may then write down and 
solve the parallel propagation equations for a frame F along 7. The tricky part 
is finding a sequence of parameter values ti along with suitable p^-balls Ui and 
bounds on ||R||wi and |jVR||j^;. To this end, we need to explore the connection 
between the b-distance and Lorentz transformations. 
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Lemma 5. Let p G M and V C Bp{p, Ep) C OM , and suppose that Ep can be 
extended to a frame field E on V. Put ||r||^(v) := sup^(y\||r||, where T is the 
array of the rotation coefficients in the frame E, and K := max{||r||jr(v)7 !}• If 
p < l/AK then all frames in V can be expressed as ELi with ||L|| < 2. 

Proof. Let k : [0, p] ^ V be a curve in V, parameterised by b-length, with 
k(0) = {p, E). Let k be the tangent vector of k, and let V be the tangent vector 
of TT o K with components V in the fixed frame E. Also, let the frame i^ of k be 
given by F = ETi. We want to show that ||L|| < 2. 

From |8|, the fundamental 1-form at k(s) is given by F^^ o vr, , where F is 
regarded as a map M 



T^o^M, so 



L ly. 



Next, the connection form uj is given by 

<f{uj{k)) = 



(89) 



(90) 



where (f is the canonical isomorphism from [ to the vertical subspace of T^(s)OM, 
and ver k denotes the vertical component of k B . By definition, if a G [ and 
A{t) is any curve in C with A{0) ^ S and ^L r,^ = a, then 

RA(t)F = Fa (91) 



ip[a) 



d_ 
di 



t=o 



at F. The vertical component of k is given by 

VyF = {VvE)L + Et = i^L"^(rVL + L) 



(92) 



where FVL is the matrix with components r\;V'^Lj and r\i are the rotation 



coefficients of the frame E. Combining (90), ( |9l| ) and ( p2[ ) gives 

uj{k) =L"^(rVL + L). 
Since k is parameterised by b-length, 

\eik)\^ + \\u;ik)r = i, 

so from (|8S|), 

|V|<|1L|1|0(«:)|<|1L|1 



and from (93) 



ds' 



<||L||||c^(K)|| + ||r|||V|||L||<i^||L||2 + ||L|| 



Put u:= KWUl- Then 



u 



u^ + u 



< 1, 



(93) 



(94) 



(95) 



(96) 



(97) 
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and integration gives 



^ ^ [K + Z-^-K (^«) 



since |1L|1 = 1 at s = 0. Thus 

\\L\\<{(K + l)e-^-K)-\ (99) 

and the resuh follows from s < 1/AK and K >1. D 

Note. (M) corresponds to the differential equation on page 42 of 0], except that 
there the last term is 1 instead of ||L|| which is incorrect. 

6.1 FLRW space-times 

Let [M, g) be a Robertson- Walker space-time, i.e. M = (0, t) x S and g is 
defined by the line element 

ds^ = -d<2 + a{tfd(j'^ (100) 



such that (S, dcr^) is a homogeneous space (see eg. g |T^ g]). The scale function 
a{t) is determined from the chosen matter model via the field equations. For 
a Friedman big bang model, a{t) ^ as i ^ 0, corresponding to a curvature 
singularity at i = 0. 

Let 7 be a curve in M with constant projection a; G S, parameterised by 
t. Then 7 starts at the singularity at i = 0. Choose the pseudo-orthonormal 
frame field E on (a subset of) M as 

Eo := ^ and E^ := a{t)-^E^ (101) 

where E is an orthonormal frame field on the Riemannian manifold (E,d(T^). 
Note that E may be defined only on a neighbourhood of x if (S, dcr^) does not 
admit a global parallelisation. Here greek indices a, (3, . . . refer to spatial com- 
ponents and have values in {1,2,3}. Write 9 for the cotangent frame field dual 
to E, i.e. is the fundamental 1-form restricted to the section of OM defined by 
E. From Cartan's equations, the nonvanishing connection and curvature form 
components are 

, ,0 , ,a A^ — 1 not 

oj „ — Lo n — aa o 

(102) 



and 
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where a dot denotes difFerentiation with respect to t and f "^^ and R"/3^i/ are 
the rotation coefScients and the Ricniann tensor components, respectively, of 
(S,dcr^) in the frame E. 

Solving the parallel propagation equations we find that E is parallel along 7. 
To study the asymptotic behaviour we consider the case a(t) = f^ for a constant 
c e (0, 1). Then there are positive constants A^i and N2 such that 

||R|j <7Vimax{t-2^i-2c|jp^|j| ^^q^^ 

and 

||VR|| < 7V2max{t-3^r2c-i||p^||^^-3c||yp^|j| ^^q^^ 

in the frame E. Moreover, R is invertible on 7 and 

||R-i|| <7V3i^ (106) 

for some positive constant N^, so ||R~^|| — > as i ^ 0. Pick a sequence ti — > 
and let pi := ij/S and Ui := Bp.(j{ti)). Let 5 be a neighbourhood of x in E 
such that ||r||, ||R|| and |1VR|| are bounded on S. Put Vi := Ui n /C^, where 
/C, := 7r-i([tj/2,3i,/2] x S). Then for smaU enough U, 

l<\\T\\v,<2ctT^ ^K, (107) 

and since c < 1, pi < l/iKi. Thus Lemma g| gives ||L|j < 2 on Vi. If k is a 
curve in Vi with /t(0) = 7(ii) and 1{k) < pi, the i-coordinate satisfies 



\t-tA = 



Le{k)) ds 




< l|L|i/(..) < I (108) 



on K. Let k be the projection of tt o k to E. Since E is an orthonormal frame, 
the metric length of k in (S],dcr^) can be estimated by 



la{ii)< a-'||L|||6l(K)|ds<2'=-^i|-'= (109) 

Jo 

which tends to as i^ — > 0. But then Ui must be contained in ICi for small 
enough i^, so the i-coordinate must be greater than ti/2 on the whole ofUi. 

Thus IIR^-^ll^llRIl^^, |1R,^^||2||VR||l/, and \\R:r^\\/p, all tend to as i, ^ 0, 
so by Theorem the fibre over 7(0) is totally degenerate. Note that in |S], a 
similar result is given for 2/3 < c < 1. The reason for the restriction on c is that 
Clarke uses a bound on ||R^^|| of order i^'^, while ||R~^|| is actually of order t^ 
for small enough t. 

6.2 Kasner space-times 

To illustrate that the fibre degeneracy is not an artefact of isotropy we repeat 
the calculations for the anisotropic Kasner space-times (see e.g. |10|). Let M := 
/ X E with metric g given by 

ds^ = -dt^ + t'^P-dx^ + t^Pydy^ + t^^'dz^, (110) 
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where (x, y, z) are coordinates on S and the constants Px^ Py and Pz satisfy 

Px+Py+Pz = ^ and pI+pI+pI = 1. (HI) 

We exclude the special case when Px = Py = 0, Pz = 1 (including permutations 
of X, y and z) which corresponds to one half of Minkowski space. For all other 
parameter values, there is a curvature singularity at < = 0. Let 7 be a curve 
with constant x, y and z, starting at the singularity and parameterised by t. 
Choosing a pseudo-orthonormal frame field E as 

f~j rj n o 

Eo-.^j-, Ei-.^rP'^—, E2:^t-Py— and E3 -.^ t^P- — (112) 
ot ox oy oz 

we find again that E is parallel propagated along 7, that R is invertible, and 
that ||R|| < Nit-"^, ||VR|| < A^2i"^ and ||R"^|| < N^t^ for some constants iVi, 
N2 and Ni,. Put p \=Ti\a,yi{\px\, \py\, \Pz\}- Then ||r|| = pt^^, and an argument 



similar to that in §0 gives that the boundary fibre is totally degenerate. 



6.3 Schwarzschild space-time 

Let (M , g) be given by 

ds2 = 6(r)-2di2 _ h{rfdr^+r'^{d%f+sm^dd(i,'^) (113) 

with t e R, r e (0,2to), d e [0,7r], e [0,27r), and 

/2m \-i/2 
fe(r) := (— - 1) (114) 

(see e.g. [|[ |lO|). Choose E as 
So:=6-i|-, E,:^b^^, ^^^=^"'^ ^^^^ i?3 := (rsin^)-i A (115) 



and let the corresponding cotangent frame be 9. The connection form is 

(116) 



A = Lj\ = -mbr-^ 0^ uj% = uj% = b-^--^ ^2 



uj I = u! = —mbr u uj 2 = (^ a = r 

Lu% = Lu% = b-^r-^ e^ uj% = -Lu% = -r-^ cot^ 6^^ 



and the curvature form is 

n"i = n^o = 2mr-^ 61° A 6^ n% = n% = -mr-^ 9° A 9^ 

n% = n% = -mr-'^ 9° A 9^ n\ = -n\ = -mr-'^ 9^ A 9^ (117) 

n\ = -n\ = -mr-^ 9^ A 9^ n^s = -^7^2 = 2mr-^ 9^ A 9^ . 

Thus there are positive constants Ni and A^2 such that ||R|| < Nir^^ and 
||VR|| < iV2r-3/2 in the frame E. 
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Let 7 be a radial curve parameterised by r with ^ = tt/2, (p = Q and t — Iq. 
Then E is paraUel on 7, R is invertible, and ||R~^|| < r^ /m along 7. If d is 
bounded away from and tt, 

||r|| < \/2^r"^/2 (118) 

for small r. Choosing a sequence rj ^ and 

3/2 
p,; := -^, (119) 



an argument similar to that in §6J gives ||L|| < 2 and r > ri/2 on each Ui := 
Bp. (7(ri)) for small enough r^. Thus the conditions of Theorem H are fulfilled, 
so the boundary fibre is totally degenerate. 

6.4 Reissner-Nordstrom space-time 

Let (M, g) be given by 

ds^ = ~b{r)-^dt^ - birfdr^ + r^id-d^ + sin^i^ d^^) (120) 

with teR,re (0,r_), d G [0,7r] and (/) e [0,27r), and 

'M:^(i-^4)"'' (m) 

(see e.g. |^, [l^l)- Degeneracy of the boundary fibre follows directly by general- 



ising the argument in § |6.3| , with pi := rf /32|e|, ||R|| < iVi r'^, || VR|| < N2 r~^ 
and ||R~^|| < N^r'^. Note that the timelike nature of the singularity does not 
affect the argument. 

6.5 Tolman-Bondi space-time 

The metric for the spherically symmetric Tolman-Bondi space-time (M, g) is 
given by 

ds^ = -dt^ + e^'^dr^ + i?2(di?2 + sin^z? d^^) (122) 

where u) :— u;(t, r) and R := R{t, r) > [^. If the energy momentum tensor is 
taken to be of dust form, 

T:=e(i,.)|«|, (123) 



the equations for uj and R are 



-R^ - - = -iW' - 1) (124) 

R' ^ We"^ (125) 
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where W := W{r), p{r) :— e(0,r), dots and primes denote partial derivatives 
with respect to t and r respectively, and 

m{r) :— Air / pr" dr. (127) 

Here r is rescaled such that r :— R{0, r) and uj, R and e are assumed to be 
smooth functions of t and r. For physical reasons, we require that e(t,r) > 
and e{t, 0) > 0. Put 

E{r):=^{W^r)-l) (128) 



and let 



and 



«(••) - '^ (128) 



Mr) := -Sl)S^^ ,130) 

It can be shown that both a and p extend to smooth even functions of r on M, 
with a{r) > and p{r) < 1. 

Choose a pseudo-orthonornial frame _E with cotangent frame 9 according to 

i^o:=|, ^1-^1:^ ^^-^"1' -^ i^3:=(i?sin^)-^. 

(131) 

Then the connection form is 



,fi , ,1 ^' fll 




, ,0 , ,3 ^ fl3 
^ 3 — ^ — ^tl 


1 2 W^.2 




UJ% = -uj\ = cot 1? 6*3 

i? 



(132) 
and the curvature form is 
n"i = n^Q ^ 2mR-^ 61° A 6*1 ^"2 ^ n% ^ -mR-^ 9" A 9^ 

n^, = n% = -mR-H°A 0' n\ = -n\ = (-^ - ^) e'A 9^ 



(133) 



.R'R^ R^J 

n\ = ~^\ = {-^ ^) 0'Ae' n% = -n\ = 2mR-' 9' a 9\ 



Integrating (124), we get the following implicit expression for R. 

/ /?\3/2 f / n \ 1/2 

(-) F{pR/r)^F{p)~-[-) F{po) (134) 
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where oq := a(0) = p(0) > 0, po := p(0) < 1, to := (3/87rao)^/^i^(Po), and 
-F : (— (X), 1) —^ (0,7r/2) is a positive, bounded, smooth, strictly increasing and 
strictly convex function. If E{r) < 0, (|134|) is singular on a hypersurface {i = 



tb{r)} where pR = r, with tb{r) < 0. For t < tb{r) an equation similar to (134) 



holds, and we will concentrate on the region where t > 0. We refer to |Tl | for 
the details. 

There are several types of singularities in the Tolman-Bondi space-time. 
There is a coordinate singularity at r = 0, a central singularity at (t, r) = (tg, 0), 
and a final singularity at r > 0, i? = 0. For some parameter values, there are 



also shell crossing singularities where R' — (see §7.2 below). 

First we study the final singularity. Let 7 be a curve with constant r, d and 
(j), and parameterise 7 by r := <« — t, where 



(£)'^- <'-) 



-aoJ F{pq) 
Then 7 starts at the final singularity at r = and E is parallel along 7. All 



functions not depending on t are bounded, so from (134) and (124), there are 
constants A^i, N2 and N^ such that 

||R||<7ViT-2 (136) 

\\VR\\ < N2T-^ (137) 

\\R-'\\<N3T^. (138) 



By an argument as in §6.1, fibres over the final singularity are degenerate. 

Next we turn our attention to the central singularity at (to,0). Let 7 be a 
radial curve with t — to and constant i? and (f>, parameterised by r and starting 
at (i,r) = {to,0). Also, let F = Eh be parallel along 7. Solving the parallel 
propagation equation we find that L is a Lorentz boost in the (£'0, £'i)-plane 
with hyperbolic angle 

¥':=-/§ dr. (139) 

Let 

Co := Ip"{0)F'{po) - -^a"{0)F{po). (140) 

2 4ao 

We assume that Co 7^ 0, the case of interest being Co > since then the 
singularity is naked |ll|. If we restrict attention to the neighbourhood of 7 
where 



!'-'"! <JS)''^' <"" 



then it is possible to use (134), (124) and the fact that a and p extends to 



to estimate all components of F, R and VR. We find that there are positive 
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constants A^i, N2 and N^ such that 

||R||<iVir-* (142) 

||VR|| <7V2r-i9/3 (^43) 

IIR^^II <iV3r'*. (144) 

Also, <y9 is bounded as r — + 0. Again, an argument similar to the one in §|6.1|, 

7/3 — 

with Pi proportional to r^ ' , gives that the fibre is totally degenerate also for 

this naked singularity. Note that ||VR|| has a stronger divergence than ||Rp/^. 



7 Partial degeneracy 

In general it can be very hard to show that a boundary fibre is degenerate, since 
different subgroups of the singular holonomy group may be generated by various 
things, e.g. unbounded curvature, regular curvature, quasi-regular singularities, 
and contributions from other boundary points due to non-Hausdorff behaviour 
of the b-boundary . Note that even if the Riemann tensor is non-invertible 
and/or if only some components diverge, in some cases Lemma y may be used 
to establish partial degeneracy at least. 

7.1 Quasi-regular singularities 

To illustrate how degeneracy can be caused by topological anomalies we consider 
quasi-regular singularities obtained by suitable identifications in (the universal 
covering space of) Minkowski space-time (M, g) with 

As^ = -d£^ + dx^ + Ay^ + dz^ . (145) 

Given an isometry ip, we may identify points ip{p) with p in (the universal 
covering space of) a subset of (M, g) g . 

As a first example, let (M, g) be the universal covering space of Minkowski 
space with the timelike 2-plane {x — y = 0} removed and let f be the rotation in 
the (a;, 2/)-plane by an angle (j) 7^ 27r. Then the space-time obtained by identifying 
points with their images under if has a conelike singularity at {a; = y = 0}. 
Since (Af,^) is flat, the infinitesimal, local and restricted holonomy groups are 
all trivial, so the only contribution to the singular holonomy group comes from 
curves not homotopic to 0. It clearly suffices to study curves with cc^ + y^ = r as 
r — » 0, and a simple argument then gives that ^%^j is a discrete group generated 
by 4> modulo 27r. 

Secondly, let (p be a boost in the it, a;)-plane with hyperbolic angle cf) and 
consider the subset {z > — t} of {M,g). Identifying points under ip we get 
the Misner space-time with quasi-regular singularities similar to the ones in the 
Taub-NUT space-time |6[ |[. As for the conelike example above, it is straight- 
forward to show that ^^^^ is generated by ip. More complicated singularities 
can be constructed by variations of this procedure [p| . 
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7.2 Shell crossing singularities 



We return to the Tolman-Bondi space-time from §6.5 to study the shell crossing 
singularities where R' — 0. Only some components of the curvature diverge, 
so all we can hope for is to establish partial degeneracy in some directions. 
Unfortunately, it turns out that while ||R|| is of order (i?')~^, ||VR|| is of or- 
der (i?')~^, which prohibits us from using Lemma ^ in this case. Also, higher 
order derivatives of the Riemann tensor have even stronger divergence. Since 
the infinitesimal holonomy group is generated by the Riemann tensor and its 
derivatives, whose norms all diverge, it seems probable that the singular holon- 
omy group is nontrivial. Proving that is impossible with our technique however, 
since we have no way to control the contributions from higher order terms. 



8 Discussion 

We have shown that in many cases, the b-boundary have totally degenerate fi- 
bres, leading to undesired topological effects. The argument is based on that the 
divergence of the derivative of the Riemann tensor is sufficiently weak, so that 
the essential contribution to the singular holonomy group comes from R(X, Y). 



As we saw in §7.2, this fails in some cases. Since the infinitesimal holonomy 
group is generated by expressions of the form Vvi...v„ (X, Y), it might be pos- 
sible to use higher order derivatives of the Riemann tensor to generate elements 
in the singular holonomy group. One would then have to go further in the 
expansion in the proof of Lemma 0, and the conditions would get much more 
complicated. 



In §7.1, we gave a simple example of how a quasi-regular singularity can 
give rise to degenerate fibres. It is very easy to construct examples of quasi- 
regular singularities with discrete singular holonomy groups, but it is unknown 
if nondiscrete groups can arise in this way. 

The most apparent unsolved problem involving the b-boundary is the struc- 
ture of the boundary itself. In the FLRW case the boundary has been shown 
to be a single point H. But for the Schwarzschild space-time, the results are 
not as conclusive. Both Bosshard [0 and Johnson H] have established partial 
degeneracy of boundary fibres, but it is unknown if the boundary is just a point 
or something else (Johnson conjectures that it is a line). 
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